An analytical approach is developed for the energy levels in Group-IV-VI narrow-gap semiconductor quantum wells in a parallel magnetic field. Asymptotic closed-form expressions are obtained. Numerical calculations are done for the energy spectrum of the EuS/PbS/EuS quantum well in the magnetic field of an arbitrary strength. The effect of an anisotropy of the electron valleys is also discussed.
I. INTRODUCTION
The Group-IV-VI narrow-gap-semiconductors find their applications in infrared detectors, lasers, and thermoelectric devices. 1 Further progress in the Group-IV-VI midinfrared optoelectronics is expected from quantum wells ͑QW's͒, superlattices, and nanoparticles that enable the engineering of their electric and magnetic properties. 2, 3 The energy spectrum of Group-IV-VI-based quantum-size structures is a key element of the device modelling and analysis of the experimental data such as photoluminescence and interband magnetoabsorption. 4 In the case of bulk Group-IV-VI semiconductors, the experimental and theoretical study of a spectrum in a magnetic field with detailed numerical calculations have been done. 5, 6 At present, known Group-IV-VI QW spectra have been obtained only as numerical solutions of Schrödinger's equation even in the absence of the magnetic field. 7, 3 Numerical calculations have also been done for PbTe/Pb 1Ϫx Sn x Te superlattices in magnetic fields both parallel and perpendicular to layers. 8 The analytical approaches to an energy spectrum in Group-IV-VI-based QW, with and without perpendicular magnetic field, have been developed in Refs. 9-12. The problem with a perpendicular magnetic field is more easy to analyze because the magnetic quantization concerns the inplane electron motion and is completely decoupled from size quantization, which concerns a motion in the growth direction. 10 The problem in a parallel field is more complex due to an interference of size-and magnetic-field quantizations-they cannot be separated in any way. The spectrum of Group-IV-VI quantum wells in parallel magnetic field has been studied analytically in recent works of Ghatak et al. 13, 14 within the approach that takes into account the nonparabolicity in a one-band approximation. This approach neglects the electron spin and thus makes impossible to account for the spin-orbit interaction.
In this paper we calculate the energy spectrum of a Group-IV-VI QW in parallel magnetic field. The interband coupling and spin-orbit interaction both play a significant role forming the electron spectrum of Group-IV-VI compounds. For this reason we use the 4ϫ4 Hamiltonian that is adequate enough to account for all these effects. In the limiting cases of weak and strong magnetic field, specified below, we obtain closed-form analytical expressions for the field-dependent spectrum. We apply the obtained results to EuS/PbS/EuS QW. This QW is an active region of Group-IV-VI QW lasers, besides, it has the ferromagnetic/ nonmagnetic semiconductor interfaces making it an interesting object that combines properties of magnetic and confined systems. [15] [16] [17] [18] 
II. MODEL AND EQUATIONS
We consider rectangular quantum well of width 2L as shown in Fig. 1 . In the case of Group-IV-VI type semiconductors, the Hamiltonian of electrons in parallel magnetic field with H along axis x is a Dirac-like type 1 ͑we take units with បϭ1)
where ⌬ c (z)ϭ⌬ 0 for ͉z͉ϽL, and ⌬ c (z)ϭ⌬ 1 tial, and ជ are the Pauli matrices. It should be noted that our approach corresponds to the envelope function approximation. 19, 20 In Eq. ͑1͒ only the orbital effect of the magnetic field is taken into account. Assuming the Landau gauge A ជ ϭ(0,ϪHz,0), for k x ϭk y ϭ0 and k z ϭϪi(d/dz) we get
͑2͒
To take into account the Zeeman splitting, we have to replace
where we denote c,v ϵg c,v B H/2, B is the Bohr magneton, and g c ,g v are the Landé factors for conductivity and valence bands, respectively.
Using ,-spinorial components of the wave function and Hamiltonian ͑2͒, we come to the following eigenfunction equations
from which follows the relation between functions (z) and (z):
where the notation ϭ( 2 1 ) is used.
For ͉z͉ϽL we have the same set of Eqs. ͑6͒ with ⌬ c ϭ⌬ v ϭ⌬ 0 , and 0 2 ϭ(E 2 Ϫ⌬ 0 2 Ϫ c v )/v 2 . Now we go back to Eq. ͑5͒ and find a jump of derivative of the wave function components at zϭϪL. For that purpose we integrate Eq. ͑5͒ over z in a small vicinity of zϭϪL. We get
Ј͑zϭϪLϪ␦ ͒ϭ0. ͑7͒
To simplify the calculations let us assume that the well is deep for both electrons and holes, so that ⌬ 1 ,⌬ 2 ӷE, c,v ,v/l H . The latter conditions enable us to use the following form of (z) for zϽϪL near zϭϪL:
which follows from Eq. ͑6a͒ for large values of ⌬ 1 and ⌬ 2 . Taking Eq. ͑8͒ into account and using Eq. ͑7͒, we can find a relation between the function (ϪL) and its derivative at z ϭϪLϩ␦, i.e., inside the well
can be solved for the spin components of derivative
͑11͒
There is no need to consider corresponding conditions at the right side of the well zϭL due to the symmetry property of function (z) under inversion, z→Ϫz. Since the wave function can be either even or odd at this transformation, there are two sets of energy levels corresponding to such functions-the parallel magnetic field does not break this condition.
Comparing Eqs. ͑6b͒ and ͑6c͒ to each other, along with Eqs. ͑10͒ and ͑11͒, we see that the whole set can be solved with a double choice of 1 ϭ 2 , or 1 ϭϪ 2 , which are, in fact, two independent solutions.
With the first choice, 1 ϭ 2 ϭ, we come to the following equation for the wave function inside the wall
with a boundary condition
The second choice 1 ϭϪ 2 ϭ gives us the equation for (z) in the form
with the corresponding boundary condition
͑15͒
Such a double choice corresponds to the different directions of spin polarization along the magnetic field. Indeed, (1,1) and (1,Ϫ1) are the eigenfunctions of x with eigenvalues ϩ1 and Ϫ1, and x commutes with the operator acting on in Eq. ͑6a͒. Hence, the difference between energy levels corresponding to the above-mentioned double choice gives us the Zeeman splitting in parallel magnetic field. We can call these states spin up and spin down. The asymptotic behavior of levels follows from Eqs. ͑12͒-͑15͒ in the limits of weak and high fields.
Let us consider first the weak-field limit. In this case we can use the perturbation theory. It should be noted, however, that magnetic field enters not only the equations for , but also the boundary conditions ͑13͒ and ͑15͒ for spin-up and spin-down states, respectively. If the magnetic field is absent, we only have to consider spin-degenerated even and odd solutions. From Eqs. ͑12͒-͑15͒ we find the equations for energy levels in both cases
For ⌬ 1 ϭ⌬ 2 they coincide with equations obtained earlier. 10 At small magnetic field the linear corrections from terms depending on the field in Eqs. ͑12͒ and ͑14͒ and those from boundary conditions ͑13͒ and ͑15͒ are additive.
The linear magnetic-field corrections to the energy levels E n are given from Eqs. ͑12͒ and ͑14͒,
and are the same for both even and odd solutions. To find the weak-field corrections from the boundary conditions we need to use the solutions of Eqs. ͑12͒ and ͑14͒ for Hϭ0 and find the energy levels satisfying conditions ͑13͒ and ͑15͒. In this way we get the following corrections for even or odd solutions
If the magnetic field H is rather high, so that l H ӶL, the effect of size quantization is negligible as compared to the magnetic quantization. The equations for up-and down-spin states can be written as
As they are usual one-dimensional ͑1D͒ oscillator equations for the unit-mass particle, we can find the magnetic quantization rule in the following form
for spin-up and spin-down states, respectively, where m ϭ0,1,2, . . . numerate magnetic quantization levels. These eigenvalues correspond to the usual conditions of nondivergent wave functions in a bulk semiconductor under magnetic field. Then the boundary conditions like Eqs. ͑13͒ or ͑15͒ are no longer relevant. Let us consider the well deep for electrons and shallow for holes: ⌬ 1 ӷE, c,v ,v/l H , but ⌬ 2 ϳ⌬ 0 . This case seems to correspond better to PbS/EuS heterostructure. 21 Using the same procedure as before, we get instead of Eqs. ͑13͒ and ͑15͒ their generalizations in the form
for spin-up state ( 1 ϭ 2 ), and
for spin-down ( 1 ϭϪ 2 ) one. For very large ⌬ 2 , Eqs. ͑22͒ and ͑23͒ reduce again to Eqs. ͑13͒ and ͑15͒, respectively. We will use these equations as boundary conditions for numerical calculations.
III. RESULTS OF NUMERICAL CALCULATIONS
In order to find the solutions of Eqs. ͑12͒ and ͑13͒ and ͑14͒ and ͑15͒ we use a direct-simulation method: scanning the energy parameter E and, calculating the function (z) in accordance with Eq. ͑12͒ or ͑14͒ with the starting point z ϭϪL, we find the value of function (zϭ0) and its derivative Ј(zϭ0). The values of E corresponding to (zϭ0) ϭ0 are eigenvalues for odd eigenfunctions, whereas those corresponding to Ј(zϭ0)ϭ0 are eigenvalues for even eigenfunctions (z).
For large ⌬ 1 ,⌬ 2 ӷ⌬ 0 we calculate first 12 magnetic levels, assuming barriers are infinite. The results are shown in Fig. 2 for EϾ0. They originate from six lowest sizequantized levels. We have used the parameters typical for PbS semiconductor ͑within QW͒: ⌬ 0 ϭ0.15 eV, vϭ5 ϫ10 Ϫ8 eV cm, g c ϭ3, and g v ϭϪ1. 1 We take the quantum well width Lϭ10 Ϫ6 cm and ⌬ 1 /⌬ 2 ϭ1. For g c ϭg v the levels are symmetrical under E→ϪE. This symmetry is destroyed for our choice of g c and g v , but numerically this effect is very weak. Each size-quantized level ͑labeled as 1,2, . . . in Fig. 2͒ is Zeeman splitted by the magnetic field and diamagnetically shifted with increasing H. At large H and c ϭ v the orbital quantization gives us a degeneration of spin-up and spin-down states with quantum numbers n ϩ1 and n, respectively, in accordance with Eqs. ͑20͒ and ͑21͒.
The calculations, made for EuS/PbS/EuS heterojunctions, use the band-offset parameters:
15 ⌬ 1 ϭ1.42 eV, ⌬ 2 ϭ0.25 eV, and ⌬ 0 ϭ0.15 eV. The results are shown in Fig.  3 . For EϾ0 the graphs in Figs. 2 and 3 look similar, but for EϽ0 we have shallow QW with only a few localized levels ͑Fig. 4͒.
There is some controversy about real band offsets in different structures. For EuS/PbS structures they were studied in several works. It has been reported earlier that ⌬ 1 ϩ⌬ 2 ϭ1.67 eV ͑EuS͒ and ⌬ 2 ϭ⌬ 0 ϭ0.15 eV. 21 More recent photoluminescence study 15 gives results for ⌬ 2 Ϫ⌬ 0 ϭ0.1 eV.
IV. ANISOTROPY OF ELECTRON VALLEYS
The real Group-IV-VI semiconductors have four electron valleys located at the L points of the Brillouin zone. The crystal symmetry of the lattice allows an anisotropy in these valleys. There are Group-IV-VI compounds like PbS where the anisotropy is practically absent. In that case the presented above results are valid without any additional corrections. However, in the case of such compounds like PbTe, the anisotropy factor K is close to ten, 1 thus, it cannot be neglected. It makes the theoretical consideration much more complicated.
FIG. 2. The dependencies of energy levels on magnetic field
͑the first six quantum-sized levels are shown͒ for EϾ0 and ⌬ 1 ϭ⌬ 2 ӷ⌬ 0 ͑LGS means a large-gap semiconductor͒.
Let us consider a separate electron valley ͑one-axis ellipsoid͒. To include the anisotropy in the Hamiltonian ͑1͒, we need to make the following changes:
where v t and v l are now the two different band-coupling parameters, the anisotropy factor Kϭv t /v l , and the z axis is directed to the energy minimum of an electron valley in the Brillouin zone. It corresponds to a choice of coordinates coinciding with principal axes of the energy ellipsoid. Generally, the heterojunction plane can form an angle to the z axis. We denote by ␣ the angle between a perpendicular to this plane (zЈ) and z ͓Fig. 5͑a͔͒. Suppose the magnetic field H ជ lies in the heterojunction plane and forms an angle to the projection of z axis on this plane. Hence, the valley anisotropy makes the geometry of the problem rather complicated. Fortunately, without reconsidering what we have done before, we are able to reduce the problem with valley anisotropy to the isotropic one with the scale transformations
where vϭ(v t 2 v l ) 1/3 . In result, we come to the isotropic Hamiltonian of the same form as Eq. ͑1͒. After transforming to the new coordinates, the heterostructure plane will make another angle to z ͓Fig. 5͑b͔͒. We denote by ␣Ј the angle to the new perpendicular. The relation between ␣ and ␣Ј can be found using Eq. ͑25͒,
The width of the well L in the scaled coordinates (x ,ỹ ,z) can also be found from a simple geometrical consideration
.
͑28͒
Now we choose a gauge for the vector potential A ជ associated with the magnetic field H ជ . Let auxiliary coordinate axes linked to the heterostructure be xЈ,yЈ,zЈ with xЈ axis along H ជ ͓Fig. 5͑a͔͒. We can take the Landau gauge (A x Ј ,A y Ј ,A z Ј )ϭ(0,ϪHzЈ,0). What we need to do is: ͑i͒ to project the A ជ field on initial (x,y,z) coordinate axes; ͑ii͒ transform the A ជ field in accordance with Eq. ͑26͒; ͑iii͒ project it on new coordinate axes (xЉ,yЉ,zЉ) which are bound to rotated heterojunction plane ͓Fig. 5͑b͔͒. After all these steps we get the vector field A ជ with nonzero components in (xЉ,yЉ,zЉ) system. The transformed vector field Â depends only on zЉ since the planes of constant A ជ in (x,y,z) system transform into similar planes perpendicular to zЉ. Thanks to the gauge invariance we can drop out A z Љ . Two other components are
where pϭL/L is the factor related with the transition from (x,y,z) to (xЉ,yЉ,zЉ), and two angle-dependent factors
The next step is the simple rotation to coordinates with z axis coinciding with zЉ, (x,y) plane coinciding with (xЉ,yЉ) plane, and y axis-directed along an A ជ field with components determined by Eq. ͑29͒. The rotation does not affect the isotropic Hamiltonian.
As a result, the initial problem with anisotropic spectrum of electrons inside the valley with parameters ␣,H,L becomes equivalent to the isotropic model ͑1͒ with a new value of L , in the magnetic field
where L , 1 , 2 ,␣Ј are determined by Eqs. ͑27͒-͑31͒. In this way, for ␣ϭ0 ͑i.e., when the QW plane is perpendicular to the z axis͒ we get ␣Јϭ0, pϭv l /v, and
H. If we choose ␣ϭ/2 and ϭ0 ͑QW parallel to the z axis, and magnetic field H ជ along z), we have ␣Јϭ0, pϭv t /v, and
H.
Here we have discussed only the orbital effect of the magnetic field in the anisotropic case. The Zeeman terms are not affected by the dimensional scaling. It means that we should take into account the terms proportional to g c,v B ( ជ •H ជ )/2 with H ជ having all nonzero components in the (xЉ,yЉ,zЉ) coordinate system. It makes the problem very complicated for any analytical treatment. Fortunately, in many real cases the role of Zeeman terms is relatively very small. Indeed, a rude estimation gives us for the orbital contribution to the energy E orb ϳv/l H , and for the Zeeman contribution E z ϳ B H. Hence, the ratio is E orb /E z ϳl H /l c , where l c ϭ1/m 0 v, and m 0 is the free-electron mass. For a typical value vϭ5ϫ10 Ϫ8 eV cm, it gives l c Ϸ2ϫ10 Ϫ8 cm, and an inequality l H ӷl c holds for any reasonable magnetic fields.
In a general case of arbitrary orientation of the QW plane we obtain different quantization rules for different orientation of electron valleys. For example, when the QW plane is perpendicular to z axis, there is an additional threefold degenerated set of levels from tilted valleys.
V. DISCUSSION
We have done analytical and numerical calculations of the energy levels in Group-IV-VI quantum well in the parallel magnetic field. The results are applicable to an analysis of the recent data on electrical, magnetic, and optical properties of EuS/PbS quantum wells. [15] [16] [17] [18] Rather accurate values of quantum-size levels as a function of QW width can be determined from the photoluminescence measurements. 15 The corresponding measurements of the luminescence under magnetic field and comparison with the results, presented here, can give relevant information about confining mechanisms and magnetic interactions in narrow-gapsemiconductor QW.
The Dirac model of the spectrum enables us to take into account both the nonparabolicity of dispersion and strong spin-orbit coupling, because the electron dispersion of the Dirac model comes entirely from the terms with spin-orbit coupling. The spin-orbit coupling enters the effective Hamiltonian ͓i.e., the operator acting on (z) in Eq . ͑6͔͒ in different ways: through purely orbital nonconserving-spin effect ͑term proportional to 1/l H 2 ) and through mixing nonparabolicity with Zeeman splitting ͑all the terms with c , v ). Also, as it follows from Eq. ͑9͒, the spin-orbit coupling affects the boundary conditions at the interface. As a result, the large splitting of spin-polarized states in parallel field is mostly related with the strong spin-orbit coupling.
We have not included the effects of a misfit strain. The EuS/PbS structures are lattice matched and the effect of strain is negligible. 17 In some other Group-IV-VI QW this factor may be more important. The strain terms can be included in the Hamiltonian ͑1͒ with suitable constants of deformation potential. 8 Our calculations have been performed in the framework of the single-particle approximation. One of the Coulomb effects, the band gap renormalization due to high-carrier density, can be treated within our approach taking the band gap as a function of carrier concentration. As compared to III-V materials the Group-IV-VI narrow-gap-semiconductors have a high-dielectric constant (ϳ10 3 ) and thus small exciton binding energy even in the low-dimensional structures. This may justify our single-particle approach neglecting the exciton effects.
